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The classical ring of integer-valued polynomials Int(Z) consists
of the polynomials in Q[X] that map Z into Z. We consider a
generalization of integer-valued polynomials where elements of
Q[X] act on sets such as rings of algebraic integers or the ring
of n × n matrices with entries in Z. The collection of polynomials
thus produced is a subring of Int(Z), and the principal question
we consider is whether it is a Prüfer domain. This question is
answered aﬃrmatively for algebraic integers and negatively for
matrices, although in the latter case Prüfer domains arise as the
integral closures of the polynomial rings under consideration.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
This paper is inspired by two related questions concerning rings of integer-valued polynomials.
First, let D be a Dedekind domain with quotient ﬁeld K and with all residue ﬁelds ﬁnite. It is well
known that the ring of integer-valued polynomials of D , Int(D) = { f (x) ∈ K [X] | f (D) ⊆ D}, is a Prüfer
domain. Any overring of a Prüfer domain must itself be a Prüfer domain and so any domain T such
that Int(D) ⊆ T ⊆ K [X] is a Prüfer domain. It is also easily demonstrated that D[X] is not a Prüfer
domain and so the question of the structure of subrings of Int(D) is not so easily dispatched. Along
this line, Brizolis asked in [2] whether there exist subrings of Int(Z) which are Prüfer domains and
have quotient ﬁeld Q(X). In [4], Chabert proved that if m  2 is an integer and S = { am | a ∈ Z} then
the ring Int(S,Z) = { f (X) ∈ Q[X] | f (S) ⊆ Z} is isomorphic to Int(Z) and hence is a Prüfer domain.
Moreover, it is a proper subring of Int(Z) which has Q(X) as quotient ﬁeld, and so answers Brizolis’
question. However, Int(S,Z) is an overring of Z[mX], but not of Z[X]. So, it seems reasonable to
strengthen Brizolis’ question as follows:
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To answer this question, let A∞ be the ring of all algebraic integers and let S be a subset of A∞ .
Then consider the ring IntQ(S, A∞) = { f (X) ∈ Q[X] | f (S) ⊆ A∞}. If S properly contains Z then
IntQ(S, A∞) lies properly between Z[X] and Int(Z). Hence, if it is also a Prüfer domain, then it
constitutes a positive answer to Q1. In this paper we demonstrate that for a positive integer n the
collection of all algebraic integers of degree less than or equal to n over Q constitutes a set S such
that IntQ(S, A∞) is a Prüfer domain.
The second question involves a similar construction. Let Mn(Z) be the ring of n × n matrices
over Z. If we identify the rational number α with the diagonal matrix α I we can consider the ring of
polynomials IntQ(Mn(Z)) = { f ∈Q[X] | f (Mn(Z)) ⊆ Mn(Z)}. Rings of this nature have been discussed
by various people for at least the last ﬁfteen years, but there is very little mention of them in the
literature. It is fairly easy to demonstrate that IntQ(Mn(Z)) is not a Prüfer domain by showing that
it has an overring which is not integrally closed. This suggests, but does not prove, that IntQ(Mn(Z))
itself is not integrally closed. This thought then inspires our second question.
Q2. Is the integral closure of IntQ(Mn(Z)) a Prüfer domain?
In Section 2, we characterize the valuation overrings of Int(Z) and give conditions under which
the intersection of a collection of these valuation domains is a Prüfer domain. In Section 3, we apply
the results of Section 2 to a class of examples arising from rings of algebraic integers. In Section 4,
we prove that IntQ(Mn(Z)) is not integrally closed and that its integral closure is the Prüfer domain
IntQ(S, A∞), with S being the collection of all algebraic integers of degree less than or equal to n as
described above. Finally, we extend this result to Z-algebras more general than Mn(Z).
2. Intersections of valuation domains
We begin by characterizing the valuation overrings of Int(Z). We then weaken the characterization
and prove that the intersection of a collection of valuation domains satisfying our listed properties
yields a Prüfer domain. In Section 3, we apply these results to rings of integer-valued polynomials
deﬁned by rings of algebraic integers.
We call any valuation overring of Z[X] unitary provided it is centered on a maximal ideal of Z.
The details given in the following classiﬁcation and in Proposition 2.1 are all either contained in or
are easy consequences of [4, Prop. 2.2].
Valuation overrings of Int(Z)
Unitary: Let p be a prime number and let Ẑp be the ring of p-adic integers. Let α ∈ Ẑp and let
Vα,p = { f (X)g(X) ∈Q(X) | f (X), g(X) ∈ Z[X] and f (α)g(α) ∈ Ẑp}. Then Vα,p is a unitary valuation overring of
Int(Z) corresponding to the maximal ideal Mα,p = { f (X) ∈ Int(Z) | f (α) ∈ pẐp} of Int(Z). Conversely,
every unitary valuation overring of Int(Z) has the form Vα,p for some prime p and some α ∈ Ẑp .
Nonunitary: Let f (X) ∈ Z[X] be nonconstant and irreducible. Let V f = { g(X)h(X) ∈ Q(X) | g(X),h(X) ∈
Z[X] and f (X)  h(X)}. Then V f is a nonunitary valuation overring of Int(Z) corresponding to the
prime ideal M f = ( f (X))Q[X] ∩ Int(Z) of Int(Z). Conversely, every nonunitary valuation overring of
Int(Z) has the form V f for some nonconstant, irreducible f (X) ∈ Z[X].
Proposition 2.1. Let p be a prime number and let α ∈ Ẑp . Then
1. The residue ﬁeld of Vα,p is the ﬁeld of p elements.
2. The maximal ideal of Vα,p = Int(Z)Mα,p is a principal ideal, generated by p.
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Proposition 2.2. Let p be a prime number. Suppose that V is a unitary valuation overring of Z[X] with
maximal ideal M such that p ∈ M and which satisﬁes the following two properties:
1. |V /M| = p.
2. pV = M.
Then V is a valuation overring of Int(Z).
Proof. Let D0 = Z[X]. For each prime number q ∈ Z let Fq(X) = Xq−Xq . Then for each i ∈ Z+ let
Di be the ring generated by Di−1 and the set Si = {Fq(g(X)) | g(X) ∈ Di−1 and q a prime in Z}. Let
D∞ =⋃∞i=0 Di . We claim that Int(Z) ⊆ D∞ and that D∞ ⊆ V . The result will then follow immediately.
First we note that the polynomials Fq(X) are known as the Fermat polynomials and have been
well studied. In fact, [3, Sec. 2.3] gives a construction of a Z-module basis for Int(Z) consisting of Z-
linear combinations of powers of compositions of Fermat polynomials with themselves. In particular,
D∞ contains a Z-module basis for Int(Z) and so Int(Z) ⊆ D∞ .
Now suppose that V is as in the statement of the proposition. We know that D0 ⊆ V by deﬁnition.
Suppose that Di ⊆ V for some i  0. Choose g ∈ Di and choose a prime number q. If q = p, then
Fq(g) ∈ V since q is a unit in V . Also, (g(X))p − g(X) ∈ M by property 1 and then F p(g(X)) =
(g(X))p−g(X)
p ∈ V by property 2. It follows that Di+1 ⊆ V and so D∞ ⊆ V . 
In [7] a class of integral domains known as d-rings was deﬁned. Examples of d-rings include the
ring Z of integers and the ring Aα of algebraic integers in any ﬁnite degree extension Q(α) of Q. It
is known [9] that if D is a Dedekind domain with ﬁnite residue ﬁelds which is also a d-ring then
every maximal ideal of Int(D) is unitary. In particular, this is true of Int(Z). It follows that Int(Z) is
equal to the intersection of its unitary valuation overrings. Propositions 2.1 and 2.2 then imply that
properties 1 and 2 of Proposition 2.2 precisely characterize the unitary valuation overrings of Int(Z)
amongst all unitary valuation overrings of Z[X]. We now weaken those properties in order to obtain
a more general class of rings.
Construction 2.3. For each prime number p choose a collection Cp = {Vi | i ∈ Λp} of valuation over-
rings of Z[X] where the corresponding valuation vi of Q(X) extends the p-adic valuation of Q. For
each i, let Mi be the maximal ideal of Vi . Assume that the following two conditions hold:
(1) there exists a positive integer ep such that M
ep
i ⊆ pV i for all i ∈ Λp ;
(2) there exists a positive integer f p such that |Vi/Mi | p fp for all i ∈ Λp .
Note that under these conditions, for each i the maximal ideal Mi is principal and generated by an
element πi and there exists a positive integer ti such that M
ti
i = pV i . Moreover, the rank of vi is either
1 or 2 [1, Chap. VI, §10]. If the rank of vi is 1, then the value group is isomorphic to Z, vi(p) = 1,
and vi(πi) = 1ti . If the rank of vi is 2, then the value group is isomorphic to the lexicographic product
Z×Z, vi(p) = (0,1), and vi(πi) = (0, 1ti ).
Given such a collection of valuation overrings, we let
D =
⋂
p prime
( ⋂
i∈Λp
V i
)
∩Q[X].
Note that if ep = f p = 1 for each prime p and if each collection Cp includes all possible valuation
domains Vi satisfying this restriction, then Propositions 2.1 and 2.2 imply that D = Int(Z). Hence
intersecting a larger collection of unitary valuation domains would yield a proper subring of Int(Z).
2484 K.A. Loper, N.J. Werner / Journal of Number Theory 132 (2012) 2481–2490Note. For Lemma 2.4 through Corollary 2.12 we assume D to be a particular domain which was
constructed using Construction 2.3.
We will soon (Corollary 2.12) demonstrate that D is Prüfer. The proof is accomplished by slightly
altering several results from [8] which will show that DM is a valuation domain for any maximal ideal
M of D .
We follow the standard terminology used for Int(Z) and call an ideal I of D unitary provided
I ∩Z = {0}.
Lemma 2.4. Let M be a nonunitary maximal ideal of D. Then DM is a valuation domain.
Proof. It is easy to see that Q[X] ⊆ DM . Since Q[X] is a Prüfer domain, the result follows. 
Now we turn to unitary maximal ideals.
Proposition 2.5. Let p be a prime number. Then there exist positive integers np and rp (with rp > 1) such that
[( f (X))rp − f (X)]np
p ∈ D for each f (X) ∈ D.
Proof. It suﬃces to ﬁnd np and rp such that [( f (X))rp − f (X)]np ∈ pV i for each Vi ∈ Cp and each
f (X) ∈ D . Let  be the least common multiple of the set {2,3, . . . , f p}, and take rp = p; take np
to be the least common multiple of the set {2,3, . . . , ep}. Let f (X) ∈ D . Then, for each i, ( f (X))rp ≡
f (X) (mod Mi), so ( f (X))rp − f (X) ∈ Mi . Hence [( f (X))rp − f (X)]np ∈ pV i . 
Note. For Corollary 2.6 through Theorem 2.11 we assume np and rp to have ﬁxed values for each
prime p.
Corollary 2.6. Suppose that M is a unitary prime ideal of D and that p is a prime number such that p ∈ M.
Then ( f (X))rp − f (X) ∈ M for each f (X) ∈ D.
Proof. By Proposition 2.5, ( f (X)rp − f (X))np ∈ pD ⊆ M , and hence f (X)rp − f (X) ∈ M . 
Corollary 2.7. Every unitary prime ideal of D is maximal.
Proof. Suppose not. Choose a nonmaximal unitary prime ideal M1 of D and choose a maximal
ideal M such that M1 ⊆ M . Let p be the prime number such that p ∈ M1. Choose f (X) ∈ M \ M1.
Proposition 2.5 implies that [( f (X))
rp − f (X)]np
p ∈ D . Also p ∈ M1 and so ( f (X))np (( f (X))rp−1 − 1)np =
(( f (X))rp − f (X))np ∈ M1. Since f (X) /∈ M1 we must have ( f (X))rp−1 − 1 ∈ M1. Hence, ( f (X))rp−1 −
1 ∈ M; but f (X) ∈ M , and so 1 ∈ M , a contradiction. 
Before we give the next two results, we offer some motivation. Suppose that M is a unitary max-
imal ideal of D of height 1 and suppose that p is a prime number such that p ∈ M . Let vM be a
valuation on Q(X) deﬁned so that vM(p) = 1. We would then be especially concerned in the follow-
ing results with the polynomials f (X) ∈ Q[X] such that vM( f (X)) ∈ Z. Since the valuation overrings
of D may be of dimension 2 we sometimes have to deal with two-dimensional value groups. We need
then to generalize the notions described above of having v(p) = 1 and having v( f (X)) ∈ Z.
Deﬁnition 2.8. Let p be a prime number. We say that a polynomial f (X) ∈Q[X] satisﬁes property p∗
provided for every Vi ∈ Cp we have either
1. vi(
f (X)
pt ) = 0 for some t  0,
or
2. vi(
f (X)
t ) > 0 for all t  0.p
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either a nonnegative integer or inﬁnite.
Lemma 2.9. Let f (X) ∈ D \ {0} and let p be a prime number. Then ( f (X))np satisﬁes property p∗ .
Proof. The result follows immediately from our choice of np . 
Lemma 2.10. Let p be a prime number. Let f (X) ∈ D \ {0} and suppose that f (X) satisﬁes property p∗ . Deﬁne
f1(X) = ( f (X))(( f (X))rp−1−1)npp . Then f1(X) satisﬁes property p∗ and f1(X) ∈ D.
Proof. The proof is detailed but straightforward. The point is to show that for each valuation
domain Vi ∈ Cp we have vi(( f (X))(( f (X))rp−1 − 1)np ) being either inﬁnite or an integer multi-
ple of v(p). Choose Vi ∈ Cp . Corollary 2.6 implies that either vi( f (X)) > 0 or vi((( f (X))rp−1 −
1)np ) > 0. If vi( f (X)) > 0 the result follows because of our assumption that f (X) has property p∗ .
If vi((( f (X))rp−1 − 1)np ) > 0 the result follows because of the assumed properties of the expo-
nent np . 
Theorem 2.11. Let D be a domain constructed via Construction 2.3. Suppose that M is a unitary maximal ideal
of D. Then DM is a valuation domain.
Proof. Choose a nonzero polynomial f (X) ∈ D and a prime p. Set f0(X) = f (X)np and for k 1, set
fk(X) = ( fk−1(X))(( fk−1(X))
rp−1 − 1)np
p
.
Lemma 2.9 implies that f0(X) satisﬁes p∗ and it is clear that f0(X) ∈ D . Then Lemma 2.10 implies
that fk(X) satisﬁes p∗ and lies in D for each k  1. We claim that either f (X)
np
pt ∈ MDM for every
t ∈ Z+ or f (X)nppt is a unit in DM for some nonnegative integer t . The claim is obvious if f (X) /∈ M , so
we assume f (X) ∈ M . Note that for each k 1 we can write
fk(X) = f (X)
np
pk
hk(X)
where
hk(X) =
k−1∏
i=0
((
f i(X)
)rp−1 − 1)np .
Also note that if f i(X) ∈ M for 0  i  k − 1, then hk(X) /∈ M . Hence, if there exists a smallest
integer t such that ft(X) /∈ M , then f (X)nppt = ft (X)ht (X) is a unit in DM . If ft(X) ∈ M for every positive
integer t , then f (X)
np
pt = ft (X)ht (X) ∈ MDM for every t ∈ Z+ .
Now choose nonzero polynomials f (X), g(X) ∈ D which are relatively prime in Q[X]. We show
that either f (X)g(X) or
g(X)
f (X) is in DM . If either f (X) or g(X) is not in M , the result is obvious. So
we can assume that f (X), g(X) ∈ M . Suppose that f (X)nppt and g(X)
np
pt each lie in MDM for every
t ∈ Z+ . Then f (X) and g(X) being relatively prime over Q[X] imply that dpt ∈ MDM for every t ∈ Z+
for some positive integer d. This is impossible. Hence the previous paragraph implies that for some
positive integer t both f (X)
np
pt and
g(X)np
pt lie in DM and at least one of these polynomials is a unit
in DM . Then either ( f (X)np )/(g(X)n
p
) = ( f (X)npt )/( g(X)
np
t ) or (g(X)np )/( f (X)n
p
) = ( g(X)npt )/( f (X)
np
t )p p p p
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DM ) is integrally closed. Hence, either
f (X)
g(X) or
g(X)
f (X) is in DM . This implies that DM is a valuation
domain. 
Corollary 2.12. D is a Prüfer domain.
Proof. The result follows from Lemma 2.4 and Theorem 2.11. 
3. Examples from rings of algebraic integers
Corollary 2.12 implies that domains constructed by means of Construction 2.3 are Prüfer domains.
Moreover, if the collection of valuation domains intersected properly includes the set of all unitary
valuation overrings of Int(Z), then we obtain an aﬃrmative answer to Q1. However, we gave no
indication that there exist valuation domains that satisfy the hypotheses of Construction 2.3 other
than the unitary valuation overrings of Int(Z). As noted in the introduction, the purpose of this section
is to apply the results of Section 2 to an explicit class of examples deﬁned using algebraic integers.
Deﬁnition 3.1. Let Q(α) be a ﬁnite degree algebraic extension of Q and let Aα be the ring of algebraic
integers of Q(α). Then deﬁne IntQ(Aα) to be the ring of all polynomials in Q[X] which map Aα to
itself. In other words, IntQ(Aα) = Int(Aα) ∩Q[X] = { f (X) ∈Q[X] | f (Aα) ⊆ Aα}.
Note. In what follows, we ﬁx Q(α) to be a particular algebraic extension of Q of degree n  2 with
ring of integers Aα .
We note ﬁrst that although IntQ(Aα) is deﬁned as a subring of Q[X], it is actually a subring of
Int(Z).
Lemma 3.2. IntQ(Aα) = Int(Z) ∩ Int(Aα).
Proof. Since Int(Z) ⊆Q[X], it is clear that Int(Z) ∩ Int(Aα) ⊆ IntQ(Aα).
Suppose f (X) ∈ IntQ(Aα). Since Z ⊆ Aα , it is clear that f (Z) ⊆ Aα . Also, f (X) ∈ Q[X] implies
that f (Z) ⊆ Q. Hence, f (Z) ⊆ Aα ∩ Q = Z and so f (X) ∈ Int(Z). This implies IntQ(Aα) ⊆ Int(Z) ∩
Int(Aα). 
Lemma 3.2 demonstrates that IntQ(Aα) is a subring of Int(Z), but it remains to be shown that it
is Prüfer. Our method will be to represent Int(Aα) as an intersection of unitary valuation overrings,
intersect these valuation domains individually with Q(X) and then apply the results of Section 2.
We begin by considering the unitary valuation overrings of Int(Aα). At the start of Section 2,
we cited [4, Prop. 2.2] as a source for our classiﬁcation of valuation overrings of Int(Z). In fact, [4,
Prop. 2.2] deals with the following more general case.
Proposition 3.3. Let D be a Dedekind domain with all residue ﬁelds ﬁnite and quotient ﬁeld K , let P be a
maximal ideal of D, let D̂ P be the P -adic completion of D and let β ∈ D̂ P . Then
1. Int(D) is a Prüfer domain.
2. Vβ,P = { f (X) ∈ K (X) | f (β) ∈ D̂ P } is a unitary valuation overring of Int(D).
3. { f (X) ∈ K (X) | f (β) ∈ P D̂ P } is the maximal ideal of Vβ,P . We let Mβ,P denote the restriction of this
maximal ideal to Int(Aα).
4. The residue ﬁeld of Vβ,P is isomorphic to D/P .
Proposition 3.4. Let D be as in Proposition 3.3. Then every unitary valuation overring of Int(D) has the form
Vβ,P for some maximal ideal P of D and some β ∈ D̂ P .
K.A. Loper, N.J. Werner / Journal of Number Theory 132 (2012) 2481–2490 2487Choose a valuation overring Vβ,P of Int(Aα) for some maximal ideal P of Aα and some β ∈ Âα(P ) .
Suppose also that p is a prime number such that P ∩Z= pZ. We then give the following deﬁnition.
Deﬁnition 3.5. Assume the terminology of the preceding paragraph. Let V (Z)β,P = Vβ,P ∩ Q(X) and let
M(Z)β,P = Mβ,P ∩Q(X).
As was noted in Section 2, Aα is a d-ring. By the results in [8], every maximal ideal of Int(Aα) is
unitary and hence IntQ(Aα) is equal to the intersection of its unitary valuation overrings. It is clear
then from the deﬁnition that IntQ(Aα) is equal to the intersection of all valuation domains of the
form V (Z)β,P . We now turn to investigating the properties of these valuation domains.
Proposition 3.6. Assume the terminology of Deﬁnition 3.5 and the paragraph preceding it and let M be the
maximal ideal of V (Z)β,P . Then
1. |V (Z)β,P /M| pn.
2. Mt = pV (Z)β,P for some positive integer t  n.
Proof. It is a well-known fact of algebraic number theory that |Aα/P |  pn . Now, statement 4 of
Proposition 3.3 implies that the residue ﬁeld of Vβ,P is isomorphic to Aα/P . Let r = |Aα/P | and let
f (X) ∈ V (Z)β,P . It is immediate then that ( f (X))r − f (X) ∈ M . Statement 1 follows.
It is also well known from algebraic number theory that (P (Aα)P )t = p(Aα)P for some positive
integer t  n. Let f (X) ∈ Mn . It then follows easily from statement 3 of Proposition 3.3 that f (X)/p ∈
V (Z)β,P . Statement 2 follows. 
The importance of Proposition 3.6 is that it demonstrates that the single integer n serves the
role of both f p and ep in Construction 2.3 for every prime number p. The next result then follows
immediately from Corollary 2.12.
Theorem 3.7. IntQ(Aα) is a Prüfer domain.
Again, note that the key to the proof given that IntQ(Aα) is a Prüfer domain is that for each
prime number p, the integer n serves the role of f p and ep in Construction 2.3. In Construction 2.3
however, valuation domains are considered individually and there is no consideration given to how
they arose. This leads to some natural generalizations of the domains IntQ(Aα). Consider, for example,
the following deﬁnition.
Deﬁnition 3.8. Choose a positive integer n. Let An be the collection of all algebraic integers θ such
that [Q(θ) :Q] n. Let IntQ(An) =⋂θ∈An IntQ(Aθ ) with Aθ representing the ring of integers of Q(θ).
The ring IntQ(An) can be thought of as the collection of all polynomials in Q[X] that map An
to An . Indeed, if θ ∈An and f ∈ IntQ(An), then f (θ) ∈ Aθ and so has degree at most n. Conversely,
if f ∈Q[X] maps An to An , then for any θ ∈An and any α ∈ Aθ , we have f (α) ∈An ∩Q(θ) = Aθ .
Since the set of all algebraic integers of degree at most n does not comprise a ring for n  2,
we cannot represent IntQ(An) in the form Int(D) ∩Q[X] as we did with IntQ(Aα). Nevertheless, the
integer n again serves the role of f p and ep in Construction 2.3 for each prime p and so the following
result is immediate.
Theorem 3.9. For each positive integer n, the ring IntQ(An) is a Prüfer domain.
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We now turn to the n × n matrix case. Recall that Mn(Z) denotes the ring of n × n matrices with
entries in Z, and IntQ(Mn(Z)) = { f (X) ∈Q[X] | f (Mn(Z)) ⊆ Mn(Z)}.
We ﬁrst prove that IntQ(M2(Z)) is not a Prüfer domain. The same proof generalizes to the n × n
case. We remark that this case was suggested to one of the authors by a noncommutative ring theorist
who hoped that the lack of commutative multiplication in the matrix ring would ﬁgure prominently
in the structure of the integer-valued polynomial ring. It is not clear that such an effect occurs, but
there is certainly an effect due to the existence of nilpotent elements in the matrix ring.
A standard fact concerning Prüfer domains is that any overring of a Prüfer domain is again a
Prüfer domain. To prove that IntQ(M2(Z)) is not a Prüfer domain it is enough to show that it has an
overring which is not a Prüfer domain. This is quite easy to do. Let B = ( 0 1
0 0
)
and let R denote the
ring of polynomials in Q[X] which map B into M2(Z). Since B2 = 0, it is clear that X2p2 ∈ R for any
prime p. However, it is equally clear that Xp /∈ R for all primes p. It follows that R is not integrally
closed. Since R is an overring of IntQ(M2(Z)) this ﬁnishes the demonstration.
The above argument proves that IntQ(Mn(Z)) has an overring which is not integrally closed. If we
can prove that the integral closure of IntQ(Mn(Z)) is a Prüfer domain this will imply that IntQ(Mn(Z))
itself is not integrally closed. We turn to such a demonstration now, and in Theorem 4.6 prove that
the integral closure of IntQ(Mn(Z)) equals IntQ(An), which is a Prüfer domain. Corollary 4.7 then
extends this result to other Z-algebras.
For an n×n matrix B , let cB(X) denote the characteristic polynomial of B . By an n×n companion
matrix, we mean a matrix having 1’s down the ﬁrst subdiagonal, −a0,−a1, . . . ,−an−1 down the last
column and zeros elsewhere. If B is such a companion matrix, then cB(X) equals Xn + an−1Xn−1 +
· · · + a1X + a0.
Given a polynomial f (X) ∈Q[X], we write f (X) in the form f (X) = g(X)k , where g(X) ∈ Z[X] and
k is a positive integer.
Our ﬁrst steps are to develop some tools for working with IntQ(Mn(Z)) and show that
IntQ(Mn(Z)) ⊆ IntQ(An). We note that Lemmas 4.1, 4.2, and 4.4 below were proven independently by
Frisch in [5].
Lemma 4.1. Let f (X) = g(X)k ∈ Q[X] and let B be a companion matrix in Mn(Z). Then the following are
equivalent.
1. f (B) ∈ Mn(Z).
2. g(B) = 0 in Mn(Z/kZ).
3. cB(X) divides g(X) mod k.
Proof. The equivalence of 1 and 2 is straightforward to verify, and 2 is equivalent to 3 by [6,
Lem. 3.3]. 
Lemma 4.2. Let f (X) = g(X)k ∈Q[X]. Then the following are equivalent.
1. f (X) ∈ IntQ(Mn(Z)).
2. g(X) is divisible mod k by every monic polynomial of degree n in Z[X].
3. g(B) = 0 in Mn(Z/kZ) for all companion matrices B in Mn(Z).
Proof. The equivalence of 1 and 2 follows from [6, Lem. 3.4] and 2 is equivalent to 3 by
Lemma 4.1. 
Proposition 4.3. IntQ(Mn(Z)) ⊆ IntQ(An).
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Then, deg(m(X)) n, so m(X) divides g(X) mod k by Lemma 4.2. Thus, g(X) =m(X)q(X)+kr(X) for
some q(X), r(X) ∈ Z[X], and f (α) = r(α), which is an element of An . 
By Lemma 4.2, to check whether a polynomial f (X) lies in IntQ(Mn(Z)), it suﬃces to check the
values of f (X) on all the companion matrices in Mn(Z). In fact, it is enough to consider the values of
f (X) on a certain subset of companion matrices.
Let I be the set of all companion matrices B ∈ Mn(Z) such that cB(X) is irreducible, and let
IntQ(I,Mn(Z)) = { f (X) ∈Q[X] | f (I) ⊆ Mn(Z)}.
Lemma 4.4. IntQ(Mn(Z)) = IntQ(I,Mn(Z)).
Proof. Since I ⊆ Mn(Z), we have IntQ(Mn(Z)) ⊆ IntQ(I,Mn(Z)). To get the other inclusion, let
f (X) = g(X)k ∈ IntQ(I,Mn(Z)), and let B be a companion matrix in Mn(Z). It suﬃces to show that
f (B) ∈ Mn(Z).
Let h(X) be an irreducible monic polynomial of degree n in Z[X] such that h(X) is equivalent to
cB(X) mod k (the existence of such an h(X) follows from an irreducibility criterion of O. Perron, as in
[10, Thm. 2.25]). Let H be the companion matrix corresponding to h(X), so that cH (X) = h(X). Then,
H ∈ I , so f (H) ∈ Mn(Z). By Lemma 4.1, cH (X) divides g(X) mod k. But, since cB(X) is equivalent to
cH (X) mod k, we get f (B) ∈ Mn(Z), as required. 
The utility of the set I arises from the following: for each B ∈ I , there exists α ∈ An such that
the minimal polynomial of α equals cB(X). For such B and α, the Q-algebras Q(B) and Q(α) are
isomorphic, and we will exploit this isomorphism when working with polynomials in IntQ(Mn(Z)).
Lemma 4.5. Let f (X) = g(X)k ∈ IntQ(An), and let h(X) ∈ Z[X]. Then for all B ∈ I , we have kn−1h( f (B)) ∈
Mn(Z).
Proof. Let B ∈ I , and let α ∈ An be such that Q(B) ∼= Q(α). Since f (X) ∈ IntQ(An), we have
f (α) ∈ An . Thus, there exists a monic polynomial m(X) ∈ Z[X] of degree n such that m( f (α)) = 0,
and hence m( f (B)) = 0 as well.
Since m(X) is monic, we may divide h(X) by m(X) over Z[X] to get h(X) = m(X)q(X) + r(X),
where q(X), r(X) ∈ Z[X] and either r(X) = 0 or deg(r(X)) < n. Write r(X) = an−1Xn−1 +· · ·+a1X +a0
for some integers a0,a1, . . . ,an−1. Then
h
(
f (B)
)= r( f (B))= an−1 f (B)n−1 + · · · + a1 f (B) + a0.
Since ki f (B)i ∈ Mn(Z) for each i > 0, it follows that kn−1h( f (B)) ∈ Mn(Z). 
Theorem 4.6. The integral closure of IntQ(Mn(Z)) equals IntQ(An).
Proof. Let f (X) = g(X)k ∈ IntQ(An). By Theorem 3.9, IntQ(An) is a Prüfer domain, hence is integrally
closed. So, it is enough to show that there is a monic polynomial φ(X) ∈ Z[X] such that φ( f (X)) ∈
IntQ(Mn(Z)).
Let S be a set of monic residue representatives in Z[X] for all the monic polynomials of degree n
in (Z/(kn−1)2Z)[X], and let φ(X) be the product of all the polynomials in S . Let B ∈ I . It suﬃces to
show that φ( f (B)) ∈ Mn(Z).
As in the proof of Lemma 4.5 let m(X) ∈ Z[X] be a monic polynomial of degree n such that
m( f (B)) = 0. Now, there exists s(X) ∈ S such that s(X) is equivalent to m(X) mod (kn−1)2, so s(X) =
m(X)+(kn−1)2r(X) for some r(X) ∈ Z[X]. Furthermore, s(X) divides φ(X), so there exists q(X) ∈ Z[X]
such that φ(X) = s(X)q(X). Then,
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(
f (B)
)= (kn−1)2r( f (B))q( f (B))= kn−1r( f (B))kn−1q( f (B)),
which is in Mn(Z) by Lemma 4.5. 
To close this paper, we produce a corollary to Theorem 4.6 that applies to more general Z-algebras,
and that gives a strongly aﬃrmative answer to Q1. Let A be a torsion-free Z-algebra. By taking tensor
products, we may extend A to a Q-algebra containing natural copies of Q and A; this allows us
to evaluate polynomials in Q[X] at elements of A. Deﬁne IntQ(A) to be IntQ(A) = { f (X) ∈ Q[X] |
f (A) ⊆ A}.
If, as a Z-module, A has a generating set consisting of at most n elements, then each element of
A satisﬁes a monic polynomial in Z[X] of degree at most n. Under these conditions, Proposition 4.3
shows that IntQ(Mn(Z)) ⊆ IntQ(A). The only change that needs to be made is to replace An with A
throughout.
Now, we can prove the following corollary to Theorem 4.6.
Corollary 4.7. Let A be a torsion-free Z-algebra that is ﬁnitely generated as a Z-module. Then, the integral
closure of IntQ(A) is a Prüfer domain contained in Int(Z).
Proof. Assume that A can be generated as a Z-module by at most n elements, and let T be the
integral closure of IntQ(A). By Proposition 4.3, IntQ(Mn(Z)) ⊆ IntQ(A), and by Theorem 4.6 we have
IntQ(An) ⊆ T . Since IntQ(An) is a Prüfer domain, so is T . The conditions on A imply that the only
rational numbers in A are integers, so IntQ(A) ⊆ Int(Z). Finally, Int(Z) is integrally closed, so T ⊆
Int(Z). 
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